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Abstract The thickness θ(G) of a graph G is the minimum number of planar spanning
subgraphs into which the graph G can be decomposed. As a topological invariant of
a graph, it is a measurement of the closeness to planarity of a graph, and it also has
important applications to VLSI design. In this paper, the thickness of graphs that
are obtained by vertex-amalgamation and bar-amalgamation of any two graphs whose
thicknesses are known are obtained, respectively. And the lower and upper bounds for the
thickness of graphs that are obtained by edge-amalgamation and 2-vertex-amalgamation
of any two graphs whose thicknesses are known are also derived, respectively.
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1 Introduction
Let G be a graph with vertex set V (G) and edge set E(G). A graph is said to be planar
if it can be drawn on the plane so that no two edges cross (i.e., its edges meet only at
their common ends); otherwise, non-planar. As for a non-planar graph, there are some
measurements of the closeness to planarity of a graph, such as thickness, genus, crossing
number etc.
Suppose G1, G2, . . . , Gk are spanning subgraphs of G, if
E(G1) ∪ E(G2) ∪ · · · ∪ E(Gk) = E(G) and E(Gi) ∩E(Gj) = ∅, (i 6= j, i, j = 1, 2, . . . , k),
then {G1, G2, . . . , Gk} is a decomposition of G. Furthermore, if G1, G2, . . . , Gk are all
planar graph, then {G1, G2, . . . , Gk} is a planar decomposition of G. The minimum
number of planar spanning subgraphs into which a graph G can be decomposed is called
the thickness of G, denoted by θ(G).
As a topological invariant of a graph, thickness is an important research object in
topological graph theory. And it also has important applications to VLSI design[1].
But the results about thickness are few, compared with other topological invariants,
e.g., genus, crossing number. The only types of graphs whose thicknesses have been
obtained are complete graphs[6], complete bipartite graphs[7] and hypercubes[13]. Since
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2determining the thickness of graphs is NP-hard[14], it is very difficult to get the exact
number of thickness for arbitrary graphs, people study lower and upper bounds for the
thickness of a graph[10,12] and introduce heuristic algorithms to approximate it[9,15].
And some relations between thickness and other topological invariants, such as genus,
are also established[2].
In this paper, the thickness of graphs that are obtained by vertex-amalgamation and
bar-amalgamation of any two graphs whose thicknesses are known are obtained, respec-
tively. And the lower and upper bounds for the thickness of graphs that are obtained by
edge-amalgamation and 2-vertex-amalgamation of any two graphs whose thicknesses are
known are also derived, respectively.
Graphs in this paper are simple graphs. For the undefined terminologies see [5].
2 Thickness of graph amalgamations
The union of graphs G1 and G2 is the graph G1 ∪G2 with vertex set V (G1)∪V (G2) and
edge set E(G1) ∪ E(G2). The intersection G1 ∩G2 of G1 and G2 is defined analogously.
Let G1 and G2 be subgraphs of a graph G. If G = G1 ∪ G2 and G1 ∩ G2 = {v} (a
vertex of G), then we say that G is the vertex-amalgamation of G1 and G2 at vertex v,
denoted G = G1 ∨
1
{v} G2. If G = G1 ∪G2 and G1 ∩G2 = {v, u} (two distinct vertices of
G), then we say that G is the 2-vertex-amalgamation of G1 and G2 at vertices v and u,
denoted G = G1 ∨
1
{v,u} G2. If G = G1 ∪ G2 and G1 ∩ G2 = {e} (an edge of G), then we
say that G is the edge-amalgamation of G1 and G2 on edge e, denoted G = G1 ∨
2
{e} G2.
Let G and H be two disjoint graphs, the bar-amalgamation of G and H is obtained by
running an new edge between a vertex of G and a vertex of H.
The four kinds of amalgamations defined above are important operations on graphs,
by these amalgamations, one can get larger graphs (i.e., the graph with larger order)
synthesized from small graphs. It is a general method to study problems in graph theory
by operations on graphs. For example, we will list some results about genus of graph
amalgamations in the following.
The genus of a graph G is the minimum integer k such that G can be embedded on
the orientable surface of genus k, denoted by γ(G). A graph G is planar if and only if
γ(G) = 0.
Lemma 2.1[4] If G is the vertex-amalgamation of G1 and G2, then
γ(G) = γ(G1) + γ(G2).
Lemma 2.2[8] If G is the bar-amalgamation of G1 and G2, then
γ(G) = γ(G1) + γ(G2).
3Lemma 2.3[3] If G is the edge-amalgamation of G1 and G2, then
γ(G) ≤ γ(G1) + γ(G2).
Lemma 2.4[11] If G is the 2-vertex-amalgamation of G1 and G2, then
γ(G1) + γ(G2)− 1 ≤ γ(G) ≤ γ(G1) + γ(G2) + 1.
In [2], a relation between genus and thickness of a graph is given.
Lemma 2.5[2] Let G be a simple graph, if γ(G) = 1, then θ(G) = 2.
In the following, some theorems about the thickness of vertex-amalgamation, bar-
amalgamation, edge-amalgamation and 2-vertex-amalgamation of graphs are obtained.
Theorem 2.1 If G is the vertex-amalgamation of G1 and G2, θ(G1) = n1 and θ(G2) =
n2, then
θ(G) = max{n1, n2}.
Proof Without loss of generality, one can assume that n1 ≥ n2 and G1 ∩ G2 = {v}
(a vertex of G). Suppose that {G11, G12, . . . , G1n1} is a planar decomposition of G1 and
{G21, G22, . . . , G2n1} is a planar decomposition of G2. From Lemma 2.1,
γ(G1i ∨
1
{v} G2i) = γ(G1i) + γ(G2i) = 0 + 0 = 0, 1 ≤ i ≤ n1.
Hence { (G11 ∨
1
{v}G21), (G12 ∨
1
{v}G22), . . . , (G1n1 ∨
1
{v}G2n1) } is a planar decomposition
of G, θ(G) ≤ n1. On the other hand, G = G1 ∨
1
{v} G2, G1 is a subgraph of G and
θ(G1) = n1, so θ(G) ≥ n1. Summarizing the above, θ(G) = n1, the theorem follows. 
Theorem 2.2 If G is the bar-amalgamation of G1 and G2, θ(G1) = n1 and θ(G2) = n2,
then
θ(G) = max{n1, n2}.
Proof Suppose that n1 ≥ n2 and edge e is the new edge between G1 and G2. Let
{G11, G12, . . . , G1n1} be a planar decomposition of G1 and {G21, G22, . . . , G2n1} be a
planar decomposition of G2. G11∪G21∪e is the bar-amalgamation of G11 and G21, from
Lemma 2.2, the genus of G11 ∪ G21 ∪ e is zero, that is to say, G11 ∪ G21 ∪ e is a planar
graph. Hence {G11 ∪G21 ∪ e, G12 ∪G22, . . . , G1n1 ∪G2n1} is a planar decomposition of
G, θ(G) ≤ n1. And G = G1 ∪ G2 ∪ e, θ(G1) = n1, so θ(G) ≥ n1. Summarizing the
above, θ(G) = n1, the theorem is obtained. 
Theorem 2.3 If G is the edge-amalgamation of G1 and G2, θ(G1) = n1 and θ(G2) =
n2, then
max{n1, n2} ≤ θ(G) ≤ n1 + n2 − 1.
4Proof Suppose that n1 ≥ n2 and G1 ∩ G2 = {e} (an edge of G), the two end ver-
tices of e are v and u. Let {G11, G12, . . . , G1n1} be a planar decomposition of G1 and
{G21, G22, . . . , G2n2} be a planar decomposition of G2. Without loss of generality, one
can assume that the edge e contains in G11 and G21. From Lemma 2.3, G11 ∨
2
{e} G21 is
a planar graph, and from Lemma 2.4 and 2.5,
γ(G1i ∨
1
{v,u} G2i) ≤ 1 and θ(G1i ∨
1
{v,u} G2i) ≤ 2, 2 ≤ i ≤ n2.
Let {Gi, G˜i} be a planar decomposition of G1i ∨
1
{v,u} G2i, for 2 ≤ i ≤ n2, then
{ G11 ∨
2
{e} G21, G
2, G˜2, . . . , Gn2 , G˜n2 , G1n2+1, . . . , G1n1 }
is a planar decomposition of G, therefor θ(G) ≤ 1 + 2(n2 − 1) + n1 − n2 = n1 + n2 − 1.
And G = G1 ∨
2
{e} G2, θ(G1) = n1, so θ(G) ≥ n1. Summarizing the above, the theorem
follows. 
Theorem 2.4 If G is the 2-vertex-amalgamation of G1 and G2, θ(G1) = n1 and
θ(G2) = n2, then
max{n1, n2} ≤ θ(G) ≤ n1 + n2.
Proof With a similar argument to the proof of Theorem 2.3, one can obtain the the-
orem easily. 
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